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A quantum Loschmidt echo (also referred to as quantum time mirror) corresponds to an effective
time inversion after which the quantum wave function reverses its previous time evolution and
eventually reaches its initial distribution again. We propose a comparably simple protocol for such
an effective time reversal for ultra-cold atoms in optical lattices which should be easier to realize
experimentally than previous proposals.
Introduction. Turning back the hands of time is one
of the oldest dreams of mankind. In a scientific context,
the problem of the arrow of time lies at the heart of the
famous debate between Loschmidt [1] and Boltzmann [2]
regarding the second law of thermodynamics. Loschmidt
argued that, after exactly reversing the velocities of all
particles at a certain instant of time, the system should go
back to its original state – a phenomenon which is usually
referred to as Loschmidt echo [3]. Boltzmann pointed out
the extreme difficulty and thus practical impossibility of
such a reversal.
While such a time reversal is already difficult for clas-
sical particles, it is even more challenging in quantum
mechanics where the state is described by a wave func-
tion instead of positions and velocities. In the following,
we simplify this task by considering particles without in-
teractions. As an experimental realization, we envisage
ultra-cold atoms in optical lattices [4–7]. These systems
offer a high degree of experimental controllability and
high signal fidelity due to their good isolation from the
environment. This is a great advantage since effects of
decoherence and damping naturally spoil the quality of
the time reversal process.
Such time reversals in the classical and quantum wave
regimes are also referred to as time mirrors and have
already been considered for water surface waves [8, 9],
acoustic waves [10], light pulses in photonic crystals
[11, 12], photonic waveguide lattices [13], photonic mesh
lattices [14], Dirac lattices [15], Bose–Einstein conden-
sates [16], and matter–waves in optical ionization grat-
ings [17]. See also the review on time transients [18].
Main mechanism. Let us first discuss the major in-
gredients for time reversals. For simplicity, we start in
one spatial dimension. Assuming a time–independent
Hamiltonian Hˆ, a time reversal is equivalent to energy
inversion Hˆ → −Hˆ, after which the preceding evolu-
tion forward in time exp{−iHˆt/~} is compensated by a
quantum evolution exp{+iHˆt/~} which effectively moves
backward in time. If we consider the Schrödinger Hamil-
tonian of a free particle Hˆ = pˆ2/(2m) we see that such a
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reversal can be only achieved by an inversion of the mass
m → −m. Of course, this is hard to realize experimen-
tally. However, remembering that the effective masses of
quasi–particles in lattices are related to the curvatures
of the corresponding bands, we find a possible way to
obtain an analogous effect.
Let us assume two symmetric bands E1(k) and E2(k)
related by
E2(k) = ∆E − E1(k) . (1)
Now let us consider the following sequence: Initially, we
prepare a wave packet by populating only the first band
E1(k) with some amplitudes ψk and let it evolve for some
time ∆t. Then, at a certain point in time, we instanta-
neously transfer all population from the first band E1(k)
to the second band E2(k) such that all k-values and all
phases are conserved. The subsequent time evolution for
each k-mode will then go with exp{−iE2(k)t/~} instead
of exp{−iE1(k)t/~} such that, after a waiting time ∆t,
we get the same wave packet as initially – up to an irrel-
evant global phase from ∆E.
The time reversal can be also understood as a change
of the group velocity direction. After the band swap,
all group velocities v1(k) = ∂E1(k)/∂k change sign to
become v2(k) = ∂E2(k)/∂k = −∂E1(k)/∂k = −v1(k).
We may also consider a partial transfer from the first
band E1(k) to the second band E2(k), again assuming
that it conserves k and obeys the same transfer ampli-
tudes for all k. In this case, the initial wave packet will
be split into two parts, one part (in the band E1) contin-
ues to move forward in time, while the other part (in the
band E2) is reflected (by the time mirror) and effectively
moves backward in time.
It is also possible to relax the condition (1) a bit to
E2(k) = ∆E − λE1(k) with some constant λ > 0. Then,
after the population transfer, the time–evolution again
turns around, but moves backward in time slower (λ < 1)
or faster (λ > 1).
Now, we show how the condition (1) can be realized
experimentally. Let us consider a simple one-dimensional
lattice with nearest neighbor hopping with the constant
rate J . Up to an irrelevant constant E0, the dispersion
relation reads
E(k) = E0 − J cos(k`) , (2)
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2Figure 1: Left: The dispersion relation (2) in 1D. Center: Folding due to the Brillouin zone reduction resulting in a two
branched dispersion relation (4) with no gap. Right: Two branched dispersion relation (7) with opened gap.
with the lattice spacing `. As usual, we choose the Bril-
louin zone k ∈ (−pi/`,+pi/`) corresponding to unit cell
of length `. However, we may also consider a larger unit
cell of length 2` (sometimes called a supercell) such that
the Brillouin zone shrinks by a factor of two
k ∈
(
− pi2` ,+
pi
2`
)
, (3)
and the dispersion relation (2) is folded into two bands
E±(k) = E0 ± J cos(k`) , (4)
cf. Fig. 1. As a result, it now acquires a form (1) suited
for time inversion.
As explained above, time reversal corresponds to swap-
ping the amplitudes ψ±k of the two bands E±(k) simul-
taneously for all momenta k. In order to ensure k-
conservation, the switching or swapping pulse should be
homogeneous with respect to the lattice containing unit
cells of double size (supercells).
The dynamics on the lattice considered above can be
described by the tight-binding Hamiltonian
Hˆ0 = −J2
∑
µ
aˆ†µaˆµ+1 + h.c. (5)
where aˆ†µ and aˆµ are the (fermionic or bosonic) creation
and annihilation operators at the lattice sites µ. Now, we
may consider the additional perturbation Hamiltonian
Hˆint = M
∑
µ
(−1)µ aˆ†µ aˆµ , (6)
corresponding to a staggered potential of strength M .
Note that, although this Hamiltonian is not homogeneous
with respect to the original lattice consisting of unit cells,
it is homogeneous with respect to the lattice consisting
of enlarged cells (supercells) and thus conserves k within
the reduced Brillouin zone (3). In the dispersion relation,
E˜(k) = E0 ±
√
M2 + J2 cos2(k`), (7)
it generates an effective band gap of 2M which separates
the two bands E± (cf. Fig. 1), analogous to the mass
gap in field theory [19, 20].
Assuming M  J , we may now consider switching on
Hˆint for a short time ∆T satisfying M∆T = pi/2. Due
to M  J , we then get J∆T  1 and thus the particles
do basically not move during the switching time ∆T , but
they acquire opposite phases ±i on even and odd lattice
sites. This generates a relative sign between even and
odd sites, which effectively amounts to reversing the sign
of J , i.e., a time inversion.
If we do not satisfyM∆T = pi/2 exactly, we would still
get a partial population transfer and thus a partial time
reflection, as long as J∆T  1 is fulfilled. The latter
condition ensures that the population transfer is the same
for all k-modes, violating this requirement would induce
imperfections (blurring) of the time reversed motion.
The same mechanism works for general bi–partite lat-
tices with nearest neighbor hopping
Hˆ0 = −J2
∑
<µ,ν>
aˆ†µ aˆν (8)
in two or three dimensions, see below.
Optical lattices. Optical lattices, created by standing
laser waves and loaded with ultra–cold atoms, represent
an ideal candidate satisfying the above described require-
ments [4–7]. The neutral atoms can be considered as al-
most noninteracting and satisfy the Schrödinger equation
Hψ = − 12m∆ψ + V (x)ψ (9)
with a periodic potential V (x) = V (x+n `) with n ∈ ZD
being the lattice coordinate. The space dimension D of
such lattice can be 1, 2 or 3. For the sake of concrete-
ness, we will consider the two-dimensional square lattice
in more detail below.
The dynamics of the atoms in an optical lattice can
be described by introducing a basis of localized Wannier
functions φn, centered at the local minima of the optical
potential and defining the lattice sites at which the atoms
can be found with amplitude ψn. In this representation,
the Hamiltonian can be brought to a discrete form
H =
∑
n,m
Jn,m|φn〉〈φm| (10)
in which Jn,m represent the amplitudes of tunneling
(called also hopping) of the atoms between the sites n
and m. In a regular lattice, the tunneling amplitudes
depend only on the distance between the sites and are
identical across the whole lattice.
3For an illustrative example, demonstrating the time
reversion mechanism, let us first consider a one–
dimensional lattice. The dispersion relation, defined in
the Brillouin zone BZ = [−pi/`,+pi/`), can be expanded
using the cosine functions (which correspond to symmet-
ric hopping)
E(k) =
∞∑
m=0
El cos(mk`). (11)
The coefficient El is related to the direct hopping to the
l-th neighbor. In the nearest neighbor approximation, in
which direct tunneling to distant sites is omitted due to
its exponential suppression, all El are zero except E0 and
E1 = −J , cf. Eq. (2).
By adding further laser fields with doubled wavelength
a bi–chromatic optical lattice can be created which con-
tains two different types of potential minima, thus adding
a potential oscillating on the lattice as suggested in (6).
This introduces supercells, containing two sites, A and B,
and maps the lattice wavefunction ψn onto a new two–
component wavefunction
Ψn ≡
(
ϕn
χn
)
=
(
ψ2n
ψ2n+1
)
(12)
where ψ2n and ψ2n+1 represent the original even and odd
lattice sites, now corresponding to the A and B sublat-
tices. In consequence, the Brillouin zone shrinks by factor
of two, to BZ = [−pi/2`,+pi/2`), and the dispersion re-
lation becomes two–branched (cf. Fig. 1) as required for
the mirroring mechanism.
In our example, the hopping Hamiltonian takes the
2 × 2 matrix form where the diagonal elements corre-
spond to the on–site energies and the off–diagonal ele-
ments represent hopping between A and B sublattices.
In the Fourier space, this leads to the Hamiltonian
H(k) =
∫
BZ
dk
(
ϕ(k)
χ(k)
)†(
E0 +M −J cos(k`)
−J cos(k`) E0 −M
)(
ϕ(k)
χ(k)
)
and to the dispersion relation (7) with the spectral gap
of 2M around the energy E = E0 (cf. Fig. 1).
A similar construction can be repeated in two dimen-
sions where the sublattices A and B can be chosen in a
chequered form (cf. Fig. 2)
Ψn ≡
(
ϕn
χn
)
=
(
ψn
ψn+d
)
(13)
for sites n = (n1, n2) such that n1 + n2 is even and the
intra–supercell shift vector is, e.g., d = (1, 0). The sym-
metry preserving elementary cell can be chosen such that
|x|+ |y| ≤ `. The Brillouin zone BZ has then also a di-
amond form |kx|+ |ky| ≤ pi/`.
For the 2D hopping Hamiltonian
H = −J2
∑
〈n,m〉
|φn〉〈φm| (14)
where 〈n,m〉 refer only to neighboring sites such that
|n−m| = 1 the dispersion relation has the form
E˜(k) = E0 ± J [cos(kx`) + cos(ky`)] (15)
In order to facilitate population mixing between both
its branches, a perturbation homogeneous on the lattice
needs to be introduced which discriminates both sublat-
tices. The simplest such perturbation can be created by
Figure 2: Left: Regular square optical lattice potential (blue
minima, red maxima). Right: Superposition of the regular
potential and staggered potential resulting in two different
types of minima (blue), giving rise to two sublattices. The
primitive cells are marked for both lattices (black dashed line).
superposition of another periodic optical potential with
doubled wavelength, as shown in Fig. 2, effectively in-
troducing an alternating on–site term ±M with the sign
being different on both sublattices and leading to
H = −J2
∑
〈n,m〉
|φn〉〈φm|+M
∑
n
(−1)n1+n2 |φn〉〈φn|.
(16)
In the Fourier space, this leads to the Hamiltonian
H(k) =
∫
BZ
d2kΨ(k)†M(k) Ψ(k) (17)
with
Ψ(k) =
(
ϕ(k)
χ(k)
)
(18)
and
M(k) =
(
E0 +M −J(k)
−J(k) E0 −M
)
(19)
where J(k) = Jx cos(kx`) + Jy cos(ky`). The dispersion
relation has now the form
E˜(k) = E0 ±
√
M2 + J2[cos(kx`) + cos(ky`)]2 . (20)
The perturbation opens the spectral gap of 2M around
E = E0 (cf. Fig. 3).
Finally, the second quantization of (16) brings us to the
many–particle picture, (8) and (6), which can describe
noninteracting ultracold atoms in the optical lattice.
4Figure 3: The two branched dispersion relation with no gap
(15) (left) and with opened gap (20) (right) plotted in the
diamond–shaped 2D Brillouin zone BZ.
An abrupt switch–on of the on–site energy during the
free evolution of the system will lead to an immedi-
ate change of the energy branches and rearrangement of
their occupations. A consecutive switch–off will lead to
the mixing of the occupation of the original branches as
the intermediate evolution introduces additional phases
exp(−iE(k)∆T ) during the ∆T switch–on phase. Know-
ing E(k), the amplitudes of the transition from the lower
to the higher branch can be found analytically
β(k) = −iM
E˜(k)
sin
(
E˜(k)∆T
)
(21)
and are identical with those obtained in [15] for a 2D–
Dirac equation. For large values of M  J and short
times ∆T ≈ pi/(2M) we get E˜(k) ≈ M and E˜(k)∆T ≈
pi/2. Then, the amplitudes β(k) ≈ −i become maximal
(in absolute value) and k–independent what is essential
for the complete mirroring. This happens when the dif-
ference between the phases on both branches introduced
during the quench pulse is equal to pi (modulo 2pi). For
that reason, the process is usually called a pi–pulse.
The short reversal pulse is chosen so to modify the rel-
ative phases of ψn on both sublattices by pi and hence
the amplitudes ψn by eipi = −1. Therefore, the action
of the Hamiltonian (10), where only pairs of neighboring
sites occur, changes its overall sign. The latter is, how-
ever, equivalent to the change of the time direction and
the propagation backward in time which is observed.
For the above reason, the tunneling to second nearest
neighbors is not compatible with the mirror effect and
will interfere with the reversed wave. The relative phases
between the sites involved in the hopping must be pi while
for second neighbors it is 2pi. Third neighbors again sat-
isfy the phase condition. Hence, compatible with the
effect are only tunnelings to odd order neighbors.
The assumption of two symmetric bands is crucial. In-
volvement of possible higher bands in the spectrum will
obstruct the effect and should be eliminated.
Simulations. We performed numerical simulations of
the quench processes and obtained surprisingly clear re-
sults. We chose the initial state such that the atoms
formed a large “pi” letter in a two–dimensional square
lattice. Free evolution led to complete dispersion of the
initial structure. After time T0, long enough to observe
the dispersion, we switched on the short pulse for time
∆T which reverted the wave propagation. After another
time period T0 of free evolution the wave came back to
its initial shape what can be clearly observed in Fig. 5.
In order to provide a quantitative measure of the re-
vival effect, some kind of projection of the evolved ψ(T )
onto the initial ψ(0) must be calculated. However, the
scalar product |〈ψ(0)|ψ(t)〉 gives only clear signature of
the revival when the initial state is localized at one lattice
site or, in general, in one sublattice. It is due to the final
phase difference between the two sublattices introduced
by the quench pulse. Since in the final measurements the
local phases are usually irrelevant the projection (scalar
product) of the absolute values |ψn(t)| onto the initial
configuration gives a very good measure of the revival
effect, as shown in Fig. 4.
Figure 4: Projection of the time evolved wavefunction ψ(t)
onto the initial configuration ψ(0). Plotted is the signal fi-
delity F =
∑
n |ψn(0)||ψn(t)| (blue). The pi–pulse at t = T0
with duration ∆T  T0 has been superimposed (red).
Realization with ultra–cold atoms in an optical lattice.
The main goal of this article is to suggest the possibility
of experimental realization of the time–mirror effect us-
ing ultra–cold atoms in optical lattices. The ultra–cold
atoms in optical periodic potentials can be effectively de-
scribed by a class of Hubbard Hamiltonians with vari-
ous types of interactions [4–7]. Essential for this pro-
posal is the hopping part (8) and interaction with the
potential (6) while the interatomic interaction should be
suppressed. This can be achieved by choosing almost
non–interacting ultra–cold fermionic or bosonic atoms,
e.g., by tuning a Feshbach resonance for the ultra–cold
atoms [21] so that the effective interaction is minimized.
If the latter is not sufficient a switch in the Feshbach
resonance frequency can be considered so that the effec-
tive atom–atom interaction changes sign at the time of
the pi–pulse. Then, the evolution with interaction should
proceed “backwards” in time, as discussed also in [22].
Summary and Discussion. Our proposal of a time
reversal process generalizes that of Richter et al [15]
in which the lattice Hamiltonian was constructed in a
way to resemble the Dirac equation and its relativis-
tic dispersion relation with constant propagation speed
5(a) t = 0 (b) t = 0.5T0 (c) t = T0
Pulse ∆T = pi/(2M)
(d) t = 1.5T0 + ∆T (e) t = 2.0T0 + ∆T
Figure 5: Evolution on the regular lattice quenched at t = T0 = 10 with a pi–pulse of duration ∆T = pi/(2M) and strength
M = 10 J . Plotted are snapshots of |ψ(t,x)|2 for a sequence of times from the initial configuration to the Loschmidt echo.
|∂E/∂k| = v in order to obtain a clean echo after the
exertion of the pi–pulse. As we demonstrate here, by
considering a wider class of dispersion relations, the con-
stant propagation speed is not crucial for the effect. The
essential factor is the symmetry between the two energy
branches whose occupations get swapped by the pi–pulse.
This makes the proposal much easier to realize experi-
mentally. While optical lattices belong, in our opinion,
to the most natural systems where such quantum echo ex-
periment can be realized, it seems appealing to consider
also a realization in crystalline solids where the quench
could be facilitated by a fast electromagnetic pulse. Even
if hopping to further neighbors needed to be accounted
for in such systems we argued that still a considerable
part of the wave should be reflected backwards giving a
partial echo.
We conclude by citing [3], “Time–reversal mirrors are
not only conceptually important, but also have very im-
portant technological applications as for example brain
therapy, lithotripsy, nondestructive testing and telecom-
munications”. We hope, our proposal, through its sim-
plicity, may contribute to these developments.
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